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We consider entangled states that cannot outperform separable states in any linear interferome-
ters. Then, we show that these states can still be more useful metrologically than separable states
if several copies of the state are provided or an ancilla is added to the quantum system. We present
a general method to find the Hamiltonian for which a given quantum state provides the largest gain
compared to separable states.
Entanglement lies at the heart of quantum mechan-
ics and plays an important role in quantum information
theory [1]. Recently, it has been realized that entangle-
ment can be a useful resource in very general metrological
tasks. By using entangled states it is possible to overcome
the shot-noise limit, corresponding to classical interfer-
ometers, in the precision of parameter estimation [2–7].
On the other hand, separable states, i.e., states without
entanglement cannot overcome the classical limit. It has
even been shown that quantum states with a very weak
form of entanglement, called bound entanglement [8, 9],
can also be metrologically useful in this sense [10, 11].
However, there are highly entangled states that are not
useful for metrology [12].
In what sense is metrological usefulness the property
of the quantum state? It is clear that, starting from
many entangled quantum states that are not useful for
metrology, with local operations and classical communi-
cation (LOCC) it is possible to distill singlets, which are
metrologically useful. This finding is almost trivial, as
metrological "uselessness" is not conserved by LOCC op-
erations. On the other hand, in most quantum metrology
experiments LOCC operations are not possible. Thus, it
would be interesting to consider simpler operations, such
as adding an ancilla to the bipartite quantum state or
consider several copies of the state, as is the case with
the activation of bound entanglement [13] and nonlocal-
ity [14] (see Fig. 1).
In this paper, we show that some entangled quantum
states that are not useful in linear interferometers be-
come useful in the cases mentioned above. These find-
ings are quite surprising: including uncorrelated ancilla
qubits can make a state metrologically useful. We present
a general method to find the local Hamiltonian for which
a given quantum state provides the largest gain com-
pared to separable states. Note that this task is different,
and in a sense more complex, than maximizing the quan-
tum Fisher information. The reason is that by changing
the Hamiltonian, the sensitivity achievable by separable
states can also change.
Quantum Fisher information.—Before discussing our
main results, we review some of the fundamental rela-
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FIG. 1. (a) An ancilla ("a") is added to bipartite state %AB.
(b) An additional copy or a different state is added to the
state. In both cases, a new bipartite state is obtained, where
the two parties are separated by a dashed line.
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2tions of quantum metrology. A basic metrological task
in a linear interferometer is estimating the small angle
θ for a unitary dynamics Uθ = exp(−iHθ), where the
Hamiltonian is the sum of local terms. In particular, for
bipartite systems it is
H = H1 +H2, (1)
where Hn are single-subsystem operators. The precision
is limited by the Cramér-Rao bound as [15–17]
(∆θ)2 ≥ 1/FQ[%,H], (2)
where the quantum Fisher information, a central quan-
tity in quantum metrology is defined by the formula [15]
FQ[%,H] = 2
∑
k,l
(λk − λl)2
λk + λl
|〈k|H|l〉|2. (3)
Here, λk and |k〉 are the eigenvalues and eigenvectors,
respectively, of the density matrix %, which is used as a
probe state for estimating θ.
Metrological usefulness of a quantum state.—We call a
quantum state metrologically useful, if it can outperform
separable states in some metrological task, i.e., if
FQ[%,H] > max
%sep
FQ[%sep,H] =: F (sep)Q (H). (4)
It is an intriguing task to find the operator H, for which
a given state outperforms the most separable states. For
that we define the metrological gain compared to sepa-
rable states by
gH(%) = FQ[%,H]/F (sep)Q (H). (5)
We are interested in g(%) = maxlocalH gH(%), where a lo-
cal Hamiltonian is just the sum of single system Hamil-
tonians as in Eq. (1). The maximization task looks
challenging since we have to maximize a fraction, where
both the numerator and the denominator depend on the
Hamiltonian.
We also define the robustness of metrological useful-
ness, r(%), which is the amount of admixed white noise
that is needed to make the quantum state metrologically
not useful [11].
Maximally entangled state.—As we have mentioned, it
is a difficult task to obtain g(%) and the optimal local
Hamiltonian for any %. As a first step, we consider the
d× d maximally entangled state, which is defined as
|Ψ(me)〉 = 1√
d
d∑
k=1
|k〉|k〉. (6)
Due to the symmetry of the state, the optimal Hamilto-
nian can straightforwardly be obtained as
H(me) = D ⊗ 1 + 1 ⊗D, (7)
where the diagonal matrix D is given as
D = diag(+1,−1,+1,−1, ...). (8)
The details are given in the Supplementary Material [18].
For the 3 × 3-case, the robustness of the metrologically
usefulness is [18]
r(|Ψ(me)〉) = 25−
√
177
32
≈ 0.3655. (9)
Activation by an ancilla qubit.—Now we consider the
previous state, after a pure ancilla qubit is added
%(anc) = |0〉〈0|a ⊗ %(p)AB, (10)
where %(p)AB = (1−p)|Ψ(me)〉〈Ψ(me)|+p1 /d2. The setup is
depicted in Fig. 1(a). Then, with the operator
H(anc) = CaA ⊗ 1 B + 1 aA ⊗DB, (11)
where an operator acting on the ancilla and A is
CaA = (2σx + σz)a⊗|0〉〈0|A +
20
9
1 a⊗ (|1〉〈1|A−|2〉〈2|A),
(12)
we have gH(anc)(%(anc)) > 1 if p < 0.3752 [c.f. Eq. (9)].
Hence larger part of the noisy maximally entangled states
are useful in the case with the ancilla.
In summary, there are states with the following prop-
erties. (i) They are not more useful than separable states
considering any local Hamiltonian. (ii) With an ancilla,
they are more useful than separable states for some local
Hamiltonian.
Activation by adding extra copies.—We consider now
two copies of the noisy 3× 3 maximally entangled state
%(tc) = %
(p)
AB ⊗ %(p)A′B′ . (13)
The setup is shown in Fig. 1(b). Then, with the two-copy
operator
H(tc) = DA ⊗DA′ ⊗ 1 BB′ + 1AA′ ⊗DB ⊗DB′ , (14)
we have gH(tc)(%(tc)) > 1 if p < 0.4164 [c.f. Eq. (9)].
Hence larger part of the noisy maximally entangled states
are useful in the two-copy case, than with a single copy.
So far, we exploited the symmetries of quantum states
to obtain the Hamiltonian leading to the largest metro-
logical gain. We now present a general method to com-
pute g(%) numerically.
Method for finding the optimal Hamiltonian.—We need
to maximize FQ[%,H] over H for a given %. However,
since it is convex in H, maximizing it over H is a difficult
task. Instead of the quantum Fisher information, let us
consider first the variance of the parameter estimation
assuming that the expectation value of some operator M
3is measured for the estimation. In this case, the vari-
ance of the estimation is given by the error propagation
formula as
(∆θ)2M =
(∆M)2
〈i[M,H]〉2 . (15)
We can use the fact that FQ[%,H] = maxM 1/(∆θ)2M ,
which is due to Eq. (2).
Observation 1.—The error propagation formula
given in Eq. (15) can be minimized over H for a given M
and % as follows.
Proof. Simple algebra yields
〈i[M,H]〉 = Tr(A1H1) + Tr(A2H2), (16)
where An = Tr{1,2}\n(i[%,M ]) are operators acting on a
single subsytem. Hence, we have to maximize Eq. (16)
over H1 and H2. We choose the constraints
cn1±Hn ≥ 0, (17)
where n = 1, 2 and cn > 0 is some constant. This way we
make sure that σmin(Hn) ≥ −cn, and σmax(Hn) ≤ +cn,
for n = 1, 2, where σmin(X) and σmax(X) denote the
smallest and largest eigenvalues of X. The optimal Hn
is the one that maximizes Tr(AnHn) under these con-
straints. It can straightforwardly be obtained as
H(opt)n = UnD˜nU†n, (18)
where the eigendecompisition of A is given as An =
UDnU
† and (D˜n)k,k = cns((Dn)k,k), where s(x) = 1
if x ≥ 0, and −1 otherwise. Clearly, H(opt)n has the
same eigenvectors as An and has only eigenvalues +cn
and −cn. 
We already know how to optimize H for a given M.
However, how do we find the optimal M? This can be
done with the well-known formula for the symmetric log-
arithmic derivative [17]
M = 2i
∑
k,l
λk − λl
λk + λl
|k〉〈l|〈k|H|l〉. (19)
Iterative method.—We can now construct the following
procedure. First we choose a random M. Then, repeat
the following two steps.
(Step 1) Determine the optimal H for a given M using
Observation 1.
(Step 2) Determine the optimal M for a given H using
Eq. (19).
A see-saw procedure similar in spirit has been used to
make the optimization of the metrological performance
over density matrices in Refs. [11, 22, 23].
After several iterations of the two steps above, we ob-
tain the maximal quantum Fisher information over a cer-
tain set of Hamiltonians. Based on that, we can calculate
the quantity
gc1,c2(%) = maxH1,H2
FQ(%,H1 ⊗ 1 + 1⊗H2)
F (sep)Q (c1, c2)
, (20)
where we assumed thatHn are constrained with Eq. (17).
The separable limit for Hamiltonians of the form (1) is
[11, 24]
F (sep)Q (H) =
∑
n=1,2
[σmax(Hn)− σmin(Hn)]2, (21)
which leads to F (sep)Q (c1, c2) = 4(c21 + c22). Then, the gain
can be expressed as
g(%) = max
c2
gc1,c2(%), (22)
where the optimization is only over c2, and, without the
loss of generality, we set c1 = 1. The optimial c2 can
be obtained from an analytical formula [18]. Hence we
computed the maximum of the fraction, (5), for local
Hamiltonians.
It is now clear that the eigenvalues of the optimal Hn
in Eq. (20) are ±cn. To show this, let us assume the con-
trary. Let us assume that for a state % and for given
c1, c2 we know the optimal H1 and H2, and Hn fulfill
Eq. (17), but not all eigenvalues are ±cn. Then, M de-
fined in Eq. (19) is the optimal operator to be measured,
and the quantum Fisher information equals the sensitiv-
ity (∆θ)2M defined in Eq. (15). However, one can show
that we can always replace the eigenvalues of Hn by ±cn
such that Tr(i[%,M ]H) will not decrease, and 1/(∆θ)2M
will not decrease either.
This fact can be the basis of a simple, alternative
numerical search for the optimal Hn, where we as-
sume that Hn is of the form (18). We set D˜n =
cndiag(+1,+1, ...,+1,−1,−1, ...,−1) and then vary Un
in order to get the maximal FQ(%,H1 ⊗ 1 + 1⊗H2).
Using the numerical method above, we obtain a slightly
larger value for the robustness of metrological useful-
ness for the state with an ancilla, (10). g(%(anc)) > 1
if p < 0.3941. The same is true for the case of the two
copies of the maximally entangled state, (13). We obtain
g(%(tc)) > 1 if p < 0.4169.
For states with a high symmetry, such as isotropic
states [25, 26], and Werner states [27], we obtained the
optimal Hamiltonian analytically and determined the
subset of these states that are metrologically useful [18].
We also used that to verify our numerical methods.
Activation of a bound entangled state by a separable
state.—While bound entangled or non-distillable states
[8, 9] are considered weakly entangled, they can share
many properties with highly entangled states. For ex-
ample, there are bound entangled states that can reach
the Heisenberg scaling in metrological applications [10].
It has also been shown that bipartite bound entangled
states, which have a positive semidefinite partial trans-
position (PPT), can be useful for metrology [11]. More-
over, bipartite PPT entangled states can even have a high
Schmidt-rank [28].
Let us now consider a PPT entangled state %(PPT)AB that
is not useful for quantum metrology. Then, we look for a
4d p∗
Gain with
one ancilla
Gain with
two ancillas
3 0.0006 1.0007 1.0011
5 0.0960 1.0094 1.0190
7 0.1377 1.0096 1.0195
9 0.1631 1.0090 1.0181
11 0.1807 1.0081 1.0165
TABLE I. Activation of the metrological usefulness found
numerically in two-qudit systems. (First column) Local di-
mension d, where d is odd. For even d up to d ≤ 11, we did
not find activation. (Second column) White noise fractions
of p∗ added to the PPT states given by Ref. [11] such that
g1,1(%AB) = 1.0000, that is, they are not useful metrologically.
(Third column) Metrological gain after an ancilla is added
to Alice’s system, g1,1(%(aA)(B)). The states become useful as
demonstrated by g1,1(%(aA)(B)) > 1. (Fourth column) Metro-
logical gain after a further ancilla is added to Bob’s system,
g1,1(%(aA)(Bb)). The state becomes even more useful metrolog-
ically.
separable state %(sep) such that %(PPT)AB ⊗ %(sep)A′B′ becomes
useful. Hence, in this case we have to optimize not only
over H, M, but also over the separable state. Simple con-
vexity arguments show that the maxiumum is taken when
we have a pure product state, %(sep)A′B′ = %
(anc)
A′ ⊗ %(anc)B′ ,
which corresponds to two ancillas at the two parties. In
fact, even a single ancilla qubit is sufficient for activation.
Activation of a PPT entangled state by an ancilla
qubit.—We now consider a PPT entangled state, that
is not useful metrologically, and g(%AB) = 1. However,
with an ancilla it becomes useful, g(%(aA)(B)) > 1. We
show here examples for d × d dimensional PPT states
found in Ref. [11] for odd dimensions d up to d ≤ 11. See
Table I for the numerical results.
Note that here we fixed ci = 1 for the coefficients of
the local Hamiltonians Hi, i = 1, 2. However, numerics
suggests that optimization over ci does not help to in-
crease g in the case of two ancillas (last column), and
helps only marginally in the case of one ancilla (third
column). For instance, in the case of d = 7, the g value
raises from 1.0096 (corresponding to c2 = 1) to 1.0098
(corresponding to c2 ' 1.034) if we optimize over c2.
How large part of quantum states are useful.—The
scaling of the quantum Fisher information with the di-
mension has been considered for random states and for
the best local Hamiltonian in Ref. [29]. We used our
optimization algorithm to determine the distribution of
the quantum Fisher information and obtain exactly how
large part of pure or mixed quantum states are useful.
The random pure states and mixed states have been gen-
erated according to Ref. [30]. For d = 3, the results are
shown in Fig. 2. It suggests that almost no random mixed
states are useful. Pure states are useful almost with a
maximal usefulness.
(a) (b)
(c) (d)
FIG. 2. Distribution of the metrological gain optimized over
local Hamiltonians. Results for random states with dimension
3×3 for (a) pure and (b) mixed states. (c) and (d) The same
for the Hamiltonian given in Eq. (7). (dashed vertical line)
Line corresponding to g = 1. States are metrologically useful
if g > 1.
Usefulness of entangled bipartite pure states.—In gen-
eral, we can always consider a bipartition of the particles
for any multipartite state.
Observation 2.—All entangled bipartite pure states
are metrologically useful, which is also demonstrated nu-
merically in Fig. 2.
Proof.—Let us consider a pure state with a Schmidt
decomposition
|Ψ〉 =
s∑
k=1
σk|k〉A|k〉B, (23)
where s is the Schmidt number, and the real non-negative
σk Schmidt coefficients are in a descending order. We
define
HA =
∑
n=1,3,5,...,s˜−1
|+〉〈+|A,n,n+1 − |−〉〈−|A,n,n+1, (24)
where s˜ is the largest even number for which s˜ ≤ s, and
|±〉A,n,n+1 = (|n〉A ± |n+ 1〉A)/
√
2. (25)
We define HB in a similar manner. We also define the
collective Hamiltonian
HAB = HA ⊗ 1 + 1 ⊗HB. (26)
Then, we have 〈HAB〉Ψ = 0. Direct calculation yields
FQ[|Ψ〉,HAB] = 4(∆HAB)2Ψ = 8
∑
n=1,3,5,...,s˜−1
(σn+σn+1)
2,
(27)
5which is larger than the separable bound, F (sep)Q = 8,
whenever the Schmidt rank is larger than 1. For even s,
this can be seen noting that
FQ[|Ψ〉,HAB] > 8
s∑
n=1
σ2n (28)
holds, where we used Eq. (27) to evaluate the left-hand
side of Eq. (28), and we also took into account that σ1 >
σ2 > 0, σn ≥ 0 for n = 3, 4, 5, ..., and
∑s
n=1 σ
2
n = 1. For
odd s, we need that
FQ[|Ψ〉,HAB] ≥ 8
(
s−1∑
n=1
σ2n + 2σ1σ2
)
> 8
s∑
n=1
σ2n (29)
holds, where we used that σ1σ2 > σ2s . 
We can even consider several copies of a quantum state.
In the Supplement, we prove that infinite number of
copies of entangled pure quantum states are maximally
useful [18].
Conclusions.—We showed that entangled quantum
states that cannot outperform separable states in any
linear interferometer can still be more useful than sepa-
rable states, if several copies of them are considered or
an ancilla is added to the system. This is surprising re-
sult which shows that the relationship between quantum
metrology and the structure of quantum states requires
further study. We presented a method to find the Hamil-
tonian for carrying out metrology in a linear interferom-
eter with a given quantum state that provides the largest
gain compared to the precision achievable by separable
states.
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The supplemental material contains some additional results. We present some details of the
optimization over the c2 parameter of the Hamiltonian. We calculate the optimal Hamiltonian
analytically for isotropic states and Werner states. We consider metrology with mult-iparticle states,
if some particles are united into a single party. We determine the maximum achievable precision.
We also consider metrology with an infinite number of copies of arbitrary entangled pure states.
OUR OPTIMIZATION METHOD FINDS THE
GLOBAL OPTIMUM
The maximization of the error propagation formula can
be expressed using a variational formulation as [22]
max
H
max
M
1/(∆θ)2M
= max
H
max
M
〈i[M,H]〉2/(∆M)2
= max
H
max
M
max
α
{−α2〈M2〉+ 2α〈i[M,H]〉}
= max
H
max
M ′
{−〈(M ′)2〉+ 2〈i[M ′,H]〉}, (S1)
where M ′ takes the role of αM. Then, the function is
concave in M ′ and linear in H, and the two-step see-saw
algorithm we have described will find better and better
Hamiltonians. However, the function in Eq. (S1) is not
strictly concave in (M ′, H). Hence, our iterative numer-
ical procedure will always lead to Hamiltonians with an
increasing quantum Fisher information, however, it is not
guaranteed to find a global optimum. Based on extensive
numerical experience, in bipartite systems it converges
very fast, and from 10 trials at least 2-3, typically more
will lead to the global optimum. The 10 trials mentioned
can take 2-3 minutes for the system sizes considered on
a usual laptop computer.
We can understand the expression better as follows. If
we subtract a term 4〈H2〉 from the expression appearing
on the right-hand side of Eq. (S1), then we will arrive at
− 〈ZZ†〉, (S2)
where the non-Hermitian matrix is defined as
Z = (M ′ + i2H). (S3)
Equation (S2) is clearly concave in (H,M ′) but a maxi-
mization will converge to (H,M ′) = 0. The maximization
in Eq. (S1) is equivalent to maximizing Eq. (S2) with a
quadratic equality constraint 〈H2〉 = c, where c is some
constant. We can maximize Eq. (S2) for a range of c val-
ues, and the largest of these maxima will be the global
maximum.
EFFICIENT OPTIMIZATION OVER c2.
Let us define H˜k = Hk/ck. Based on Eq. (17),
− 1 ≤ H˜k ≤ 1 (S4)
hold. Then, Eq. (16) becomes
〈i[M,H]〉 = c1Tr(A1H˜1) + c2Tr(A2H˜2), (S5)
2where An = Tr{1,2}\n(i[%,M ]). Then, in order to maxi-
mize
√
(∆θ)2M/F (sep)Q , we need to calculate
max
c1,c2
c1Tr(A1H˜1) + c2Tr(A2H˜2)
4
√
c21 + c
2
2
. (S6)
The optimal value is at
c2
c1
=
Tr(A2H˜2)
Tr(A1H˜1)
. (S7)
Without the loss of generality, we set c1 = 1, then c2 can
be obtained from Eq. (S7).
One can add a third step to the two-step procedure
of the paper, in which c2 is updated according to the
formula Eq. (S7). For a smoother convergence, one can
change c2 not abruptly, but only by a small value chang-
ing it in the direction of the value suggested by Eq. (S7).
METROLOGY WITH ISOTROPIC STATES
We will now consider quantum metrology with
isotropic states, which are defined as [25]
%p = pP
(+)
d + (1− p)
1
d2
, (S8)
where P (+)d is a projector to the maximally entangled
state |Ψ(me)〉 defined in Eq. (6).
We consider a Hamiltonian of the form
Hcoll = H1 ⊗ 1 + 1⊗H2. (S9)
The subscript "coll" indicates that the Hamiltonian acts
on both subsystems, in contrast to H1 and H2 that act
only on one of the subsystems. The Hamiltonian is local,
since it does not contain interactions terms.
Isotropic states are invariant under transformations of
the type
U ⊗ U∗, (S10)
where U is a single-qudit unitary and "∗" denotes
element-wise conjugation. Hence, isotropic states are in-
variant under the Hamiltonian
H(iso)inv (H) = K ⊗ 1− 1⊗K∗, (S11)
where K is a Hermitian operator.
Observation S1.—For short times, the action of the
Hamiltonian Hcoll given in Eq. (S9) is the same as the
action of
H(iso)coll (H(iso)) = H(iso) ⊗ 1 + 1⊗ (H(iso))∗, (S12)
where the single party Hamiltonian is defined as
H(iso) = (H1 +H∗2)/2. (S13)
Proof. Let us define
∆(iso) = (H∗2 −H1)/2. (S14)
In the rest of the section, we omit the superscript "iso"
in H(iso)inv ,H(iso),∆(iso).
Then, simple algebra shows that
Hcoll +Hinv (∆) = H(iso)coll . (S15)
Hence, for small t
e−iHcollte−iHinv(∆)t ≈ e−iH(iso)coll (H)t (S16)
holds. The isotropic state is invariant under the action of
Hinv(∆), since the corresponding unitary is of the form
given in Eq. (S10). Hence, the action of Hcoll is the same
as the action of H(iso)coll (H) for small t. .
Note that in the quantum metrology problems we con-
sider we always estimate the parameter t around t = 0
assuming that it is small. Hence, the approximate equal-
ity in Eq. (S16) is sufficient.
Observation S2.—Replacing the evolution by Hcoll
given in Eq. (S9) by the evolution by H(iso)coll given in
Eq. (S12) does not decrease the metrological gain. Hence,
when looking for the Hamiltonian with the largest metro-
logical gain, it is sufficient to look for Hamiltonians of the
form (S12).
Proof. When the evolution by Hcoll given in Eq. (S9)
is replaced by the evolution by H(iso)coll then the quantum
Fisher information does not change, while F (sep)Q does not
increase. The latter can be seen as follows. Let us define
f(X) = [σmax(X)− σmin(X)]2, (S17)
where X is some matrix. Then, based on Eq. (21),
F (sep)Q (Hcoll) = f(H1)+f(H2) holds. On the other hand,
we have F (sep)Q (H(iso)coll ) = 2f(H). Knowing that f is ma-
trix convex, we obtain that
F (sep)Q (H(iso)coll ) ≤ F (sep)Q (Hcoll). (S18)

We will now use that for a pure state mixed with white
noise it is possible to obtain a closed formula for the quan-
tum Fisher information for any operator A as a function
of p as [4]
FQ[%p, A] = p
2
p+ 2(1− p)d−2 4(∆A)
2
Ψ(me) , (S19)
where %p given in Eq. (S8). Let us simplify Eq. (S19).
For the case of A = H(iso)coll , we can rewrite the variance
as
(∆H(iso)coll )2Ψ(me) = 2
Tr(H2)
d
+ 2〈H ⊗H∗〉Ψ(me) − 4
Tr(H)2
d2
,
(S20)
3where we used that for the reduced state of |Ψ(me)〉 we
have ρred1 = ρred2 = 1 /d. Next, we use the fact that
〈H ⊗H∗〉Ψ(me) =
1
d
Tr(H2) (S21)
holds. Hence, for the quantum Fisher information we
obtain
FQ[%p,H(iso)coll ] =
16p2
pd2 + 2(1− p)
[
dTr(H2)− Tr(H)2] .
(S22)
Based on Eq. (S22) and on Eq. (21), the metrological
gain for a given Hamiltonian H(iso)coll is obtained as
g(%p,H(iso)coll ) =
16p2
pd2 + 2(1− p)r(H), (S23)
where r(H) is defined as
r(H) = [d
∑
k h
2
k − (
∑
k hk)
2]
2(hmax − hmin)2 , (S24)
and hk denote the eigenvalues of H.
Let us now consider the metrological gain for the
isotropic state for various Hamiltonians.
Observation S3.—Isotropic states have the best
metrological performance with respect to separable states
with the Hamiltonian given by
Hbest = diag(+1,−1,+1,−1, ...). (S25)
Based on Eq. (3), the corresponding quantum Fisher in-
formation is
g(%p,H(iso)coll (Hbest)) =
2p2[d2 − α]
pd2 + 2(1− p) , (S26)
where α is defined as
α =
{
0 for even d,
1 for odd d.
(S27)
No other Hamiltonian H corresponds to a better perfor-
mance.
Equation (S26) is maximal for p = 1 and has the value
g(%p,H(iso)coll (Hbest)) = 2
d2 − α
d2
, (S28)
which is 2 for even d and approaches 2 for large d for odd
d.
Proof. Without the loss of generality, let us set hmin =
−1 and hmax = +1. Then, the denominator of Eq. (S24)
is 8. Let us consider now the numerator. The maximum
of the numerator of Eq. (S24) will be clearly taken by
a configuration for which hk = ±1. The first term is d2.
Looking at the second term, we see that the numerator is
maximized by {hk}dk=1 = {+1,−1,+1,−1, ...}. We find
that the maximum is obtained for the Hamiltonian (S25).

Next, we determine which isotropic states are useful
metrologically.
Observation S4.—If
p > pm =
d2 − 2
4(d2 − α) +
√
(d2 − 2)2
16(d2 − α)2 +
1
d2 − α (S29)
holds then the isotropic state %p is useful for metrology
with the Hamiltonian (S25). Otherwise, the isotropic
state is not useful with any other Hamiltonian.
Proof. We look for the p for which the righ-hand side
of Eq. (S28) is 1. 
Let us now look for the Hamiltonian of the type (S12)
with which the isotropic states have the worst metrolog-
ical performance.
Observation S5.—Isotropic states have the worst
metrological performance with respect to separable states
with the Hamiltonian given by
Hworst = diag(1,−1, 0, 0, ..., 0). (S30)
The corresponding quantum Fisher information is
g(%p,H(iso)coll (Hworst)) =
4p2d
pd2 + 2(1− p) . (S31)
No other Hamiltonian H corresponds to a worst perfor-
mance.
Note that we considered collective Hamiltonians of the
type (S12). Other collective Hamiltonians Hcoll can lead
to a worse performace and can even have g(%p,Hcoll) = 0.
In particular, this is the case for Hamiltonians given in
Eq. (S11), where K can be any Hamiltonian.
The metrological gain given in Eq. (S31) is maximal
for p = 1 and has the value
g(%p,H(iso)coll (Hworst)) =
4
d
. (S32)
If d ≥ 4, then the right-hand side of Eq. (S32) is not
larger than one. Hence, with Hworst, no isotropic state
can be useful for d ≥ 4. For d = 3, on the other hand the
right-hand side of Eq. (S32) is larger than one. Hence,
for d = 3, the maximally entangled state |Ψ(me)〉 is useful
with the Hamiltonian Hworst. We can also see that for
d = 3 the maximally entangled state |Ψ(me)〉 is useful
with any Hamiltonian H(iso)coll .
In Fig. S1, we plot the results of simple numerics for
d = 3, 4 and 5. The random mixed states have been gen-
erated according to Ref. [30].
METROLOGY WITH WERNER STATES
We now examine whether another type of bipartite
states with a rotational symmetry, i.e, Werner states de-
fined as [27]
%W(φ) =
1 + φV
d2 + φd
, (S33)
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FIG. S1. Metrology with isotropic states given in Eq. (S8) for
systems of size (top) 3× 3, (middle) 4× 4, and (bottom) 5×
5. The metrological gain g(%p,H(iso)coll ) is plotted for isotropic
states, (S8), of a given p. (dashed) Limit for separable states.
(blue dots) Metrological performance of isotropic states for
two-body Hamiltonians H(iso)coll (H) given in Eq. (S12), where
H are chosen randomly. (upper solid red line) Metrology with
the best Hamiltonian Hbest given in Eq. (S25). (lower solid
red line) Metrology with the worst Hamiltonian Hworst given
in Eq. (S30). (dotted) Line corresponding the bound pm given
in Eq. (S29). Isotropic states with a larger p are useful for
metrology.
outperform separable states in metrology. Here −1 ≤
φ ≤ +1 and V is the flip operator.
We will consider a general evolution of the type
Eq. (S9). Werner states are invariant under transfor-
mations of the type
U ⊗ U, (S34)
where U is a single-qudit unitary. Hence, Werner states
are invariant under the Hamiltonian
H(W)inv (H) = J ⊗ 1 + 1⊗ J , (S35)
where J is a Hermitian operator.
Observation S6.—For short times, the action of the
Hamiltonian Hcoll given in Eq. (S9) is the same as the
action of
H(W)coll (H) = H(W) ⊗ 1− 1⊗H(W), (S36)
where the single party Hamiltonian H is defined as
H(W) = (H1 +H2)/2. (S37)
Proof. Let us define ∆(W) as
∆(W) = (H2 −H1)/2. (S38)
In the rest of the section, we omit the superscript "W"
in H(W)inv ,H(W),∆(W). Then, simple algebra shows that
Hcoll +H(W)inv
(
∆(W)
)
= H(W)coll . (S39)
Hence, for small t
e−iHcollte−iHinv(∆)t ≈ e−iH(W)coll (H)t (S40)
holds. The Werner state is invariant under the action of
H(W)inv (∆), since the corresponding unitary is of the form
given in Eq. (S34). Hence, the action of Hcoll is the same
as the action of H(W)coll (H) for small t. .
Observation S7.—Replacing the evolution by Hcoll
given in Eq. (S9) by the evolution by H(W)coll given in
Eq. (S11) does not decrease the metrological gain. Hence,
when looking for the Hamiltonian with the largest metro-
logical gain, it is sufficient to look for Hamiltonians of the
form (S11).
Proof. The proof is similar to the proof of Observation
S2. 
Werner states, given in Eq. (S33), can also be defined
as
%W(φ) =
1 + φ
d2 + φd
Ps +
1− φ
d2 + φd
Pa, (S41)
where Ps and Pa are the projectors to the symmetric and
antisymmetric subspace, respectively. We will be inter-
ested in the case φ ≤ 0. The quantum Fisher information
5for Werner states for a Hermitian operator A is
FQ[%W, A] = 2
(λs − λas)2
λs + λas
×
 ∑
k∈S,l∈A
|〈k|A|l〉|2 +
∑
k∈A,l∈S
|〈k|A|l〉|2
 ,
(S42)
where k ∈ S and l ∈ A denote the indices of symmet-
ric and antisymmetric eigenstates, respectively. From
Eq. (S41), the eigenvalues of the Werner states can be
obtained, yielding
2
(λs − λas)2
λs + λas
=
4|φ|2
d2 + φd
. (S43)
If the operator A is of the form given in Eq. (S11), then
for any symmetric states |Ψs〉 and antisymmetric states
|Ψa〉
〈Ψs|A|Ψs〉 = 〈Ψa|A|Ψa〉 = 0 (S44)
hold. Hence, we can return to sums over all eigenvectors
and write
FQ[%W,H(W)coll ] =
4|φ|2
d2 + φd
∑
k,l
|〈k|H(W)coll |l〉|2
=
8|φ|2
d2 + φd
Tr((H
(W)
coll )
2). (S45)
Then, we need that
Tr((H(W)coll )2) = 2[dTr(H2)− Tr(H)2]. (S46)
Hence, we obtain a general formula for the quantum
Fisher information for Werner states as
FQ[%W,H(W)coll (H)] =
8|φ|2
d2 + φd
[dTr(H2)−Tr(H)2]. (S47)
Based on Eq. (S47) and on Eq. (21), the metrological
performance is given by
g(%W,H(W)coll (H)) =
8|φ|2
d2 + φd
r(H), (S48)
where r(H) is defined in Eq. (S24).
Let us now look for the Hamiltonian that provides the
largest metrological gain for Werner states.
Observation S8.—Werner states have the best
metrological performance with respect to separable states
with the Hamiltonian Hbest given in Eq. (S25). The cor-
responding quantum Fisher information is (check!)
g(%W,H(W)coll (Hbest)) =
|φ|2(d2 − α)
d2 + φd
, (S49)
where the optimization is carried out over collective
Hamiltonians of the form (S11).
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FIG. S2. Metrology with Werner states given in Eq. (S33).
(top) 3× 3, (middle) 4× 4, and (bottom) 5× 5 Werner states
are considered. The metrological gain g(%W(φ),H(W)coll ) is plot-
ted for Werner states of a given φ. (dashed) Limit for sepa-
rable states. (blue dots) Metrological performance of Werner
states for two-body HamiltoniansH(W)coll (H) given in Eq. (S11),
where H are chosen randomly. (upper solid red line) Metrol-
ogy with the best Hamiltonian Hbest given in Eq. (S25).
(lower solid red line) Metrology with the worst Hamiltonian
Hworst given in Eq. (S30). (dotted) Line corresponding the
bound φm given in Eq. (S51). Werner states with −φ > −φm
are useful for metrology.
6No other such collective Hamiltonian corresponds to
a better performance. Equation (S49) is maximal for
φ = −1 and has the value
g(%W,H(W)coll (Hbest)) =
d+ α
d+ α− 1 , (S50)
which is close to 1 for large d.
Proof. The best H operator is the one for which r(H)
defined in Eq. (S24) is the largest. In other words, we
can look for the H for a constant (hmax − hmin)2 that
maximizes [dTr(H2) − Tr(H)2]. The details of the proof
are similar to the proof of Observation S3. 
Next, we determine which Werner states are useful
metrologically.
Observation S9.—If
φ < φm :=
d
2(d2 − α) −
√
d2
4(d2 − α)2 +
d2
d2 − α (S51)
holds, then the Werner state is useful for metrology with
the Hamiltonian (S25). Otherwise, the Werner state is
not useful with any other Hamiltonian.
Proof. We look for the φ for which the right-hand side
of Eq. (S49) is 1. 
Let us now look for the Hamiltonian of the type (S11)
with which the Werner states have the worst metrological
performance.
Observation S10.—Werner states have the worst
metrological performance with respect to separable states
with the Hamiltonian given in Eq. (S30). The corre-
sponding quantum Fisher information is
g(%W,H(W)coll (Hworst)) =
2|φ|2d
d2 + φd
. (S52)
No other Hamiltonian corresponds to a worst perfor-
mance.
Proof. This can be seen noting that Eq. (S48) is mini-
mized for this case. 
Note that we considered Hamiltonians H(W)coll (H) of
the type (S11). Other collective Hamiltonians Hcoll
can lead to a worse performace and can even reach to
g(%W,Hcoll) = 0. In particular, this is the case for collec-
tive Hamiltonian of the form given in Eq. (S11).
Equation (S52) is maximal for φ = −1 and has the
value
g(%W,H(W)coll (Hworst)) =
2
d− 1 . (S53)
We can see that for d ≥ 3 the right-hand side of Eq. (S53)
is not larger than one, hence the Werner state is not
useful with the Hamiltonian Hworst.We can also see that
the metrological gain, (S53), is close to 0 for large d.
In Fig. S2, we plot the results of simple numerics for
d = 3, 4 and 5. The random mixed states have been gen-
erated according to Ref. [30].
ESTIMATION OF THE QUANTUM FISHER
INFORMATION FOR GENERAL QUANTUM
STATES
Recently, there have been several methods presented
to find lower bounds on the quantum Fisher information
based on few operator expectation values [2, 19]. Our
results on isotropic states and Werner states can be used
to construct lower bounds for the metrological gain g
based on a single operator expectation value.
In order to proceed, we note that any d × d state can
be depolarized into an isotropic state given in Eq. (S8)
with the U ⊗ U∗ twirling operation as
%iso(F ) =
∫
M(dU)(U ⊗ U∗)%(U† ⊗ U∗†), (S54)
where M is a unitarily invariant probability measure.
The state %iso(F ) is just the isotropic state given in
Eq. (S8), defined with a different parametrization as
%iso(F ) = F |Ψ(me)〉〈Ψ(me)|+ (1− F )1 − |Ψ
(me)〉〈Ψ(me)|
d2 − 1 ,
(S55)
where the maximally entangled state |Ψ(me)〉 is given in
Eq. (6), and
F = Tr(%|Ψ(me)〉〈Ψ(me)|) (S56)
is the entanglement fraction of the state %, which is al-
ternatively called the singlet fraction [25, 26].
Based on Eq. (S26), the maximum metrological per-
formance of the isotropic state is given by
g(%iso(F )) =
2(d2 − α)(d2F − 1)2
d2(d2 − 1)(1− 2F + d2F ) (S57)
where α is zero for even d, and one otherwise. Here, we
remember that the metrological gain is defined as g(%) =
maxlocalH gH(%), where gH(%) is given in Eq. (5).
Next, we show that g(%) cannot increase under twirling
defined in Eq. (S54), i.e.,
g(%) ≥ g(%iso(F )). (S58)
We use a series of inequalities
FQ[ρp,H] = FQ
[∫
M(dU)(U ⊗ U∗)%(U† ⊗ U∗†),H
]
≤
∫
M(dU)FQ[(U ⊗ U∗)%(U† ⊗ U∗†),H]
≤ FQ[(U0 ⊗ U∗0 )%(U†0 ⊗ U∗†0 ),H]
= FQ[%,H′], (S59)
whereH′ = (U†0⊗U∗†0 )H(U0⊗U∗0 ) and U0 is some unitary.
To arrive at the second line we used the property of the
quantum Fisher information that it is convex in the state,
Noting also that the eigenvalues of H′ are the same as
7that of H, and that F (sep)Q (H) in Eq. (21) depends only
on the eigenvalues, we arrive at Eq. (S58).
Based on Eq. (S58), the metrological gain of any quan-
tum state can be bounded from below as
g(%) ≥ g(%iso(F )), (S60)
where g(%iso(F )) is defined in Eq. (S57) and F is just the
entanglement fraction of %. Based on Eq. (S56), F equals
the expectation value of the projector to |Ψ(me)〉. Hence,
our lower bound is based on a single operator expectation
value.
Similar calculations can be carried out for Werner
states, using the fact that any quantum state can be de-
polarized into a Werner state using the U ⊗ U twirling
%W(φ) =
∫
M(dU)(U ⊗ U)%(U† ⊗ U†). (S61)
Then, we can construct a lower bound
g(%) ≥ g(%W(φ)), (S62)
where the Eq. (S49) gives the right-hand side of Eq. (S62)
as a function of the parameter φ. The quantity φ is related
to the expectation value of the flip operator V as
〈V 〉 = 1 + dφ
d+ φ
. (S63)
UNITING QUDITS
In most of the paper, we considered bipartite examples.
In the multipartite case, the usefulness of a quantum
state is always relative to the partitioning of the parties.
From this point of view, it is worth to look at metro-
logical usefulness of a multipartite state when we put the
parties into two groups, and return to the bipartite prob-
lem. For instance, the four-qubit ring cluster state is not
useful, FQ/F (sep)Q = 1 [12]. After uniting two qubits into
a ququart it becomes useful, with FQ/F (sep)Q = 2. An
optimal Hamiltonian with an optimal gain is
j(1)z ⊗ j(2)y + j(3)y ⊗ j(4)z . (S64)
We have to measure M = j(1)z ⊗ j(2)x ⊗ j(3)x ⊗ j(4)z for
an optimal estimation precision (∆θ)2M = 1/16. Due to
the commutator relations [j(n)z ,M ] = [j
(n)
z ,H] = 0 for
n = 1, 4, we can realize the following scheme. We mea-
sure jz on qubits (1) and (4) such that we have a state lo-
cally equivalent to a singlet on qubits (2) and (3). Then,
we do metrology with qubits (2) and (3). Similar schemes
based on preselection have appeared in the theory of en-
tanglement and nonlocality [20, 21].
INFINITE NUMBER OF COPIES OF
ARBITRARY PURE STATES
It is shown that an infinite number of copies of any
entangled pure quantum state of Schmidt rank-s with
s > 1 is maximally useful metrologically. To this end, let
us define a pure state in the Schmidt basis with Schmidt
rank-s as
|Ψ〉 =
s∑
k=1
σk|k〉A|k〉B, (S65)
where s is the Schmidt rank of the state, and the real
non-negative σk Schmidt coefficients are in a descending
order, and
∑s
k=1 σ
2
k = 1. In addition, we also assume
that σ1 > σ2.
Then, the n-copy state has the Schmidt coefficients
σi1σi2 · · · σin , (S66)
where ik ∈ {1, 2, . . . , s}. The number of equal Schmidt
coefficients in the n-copy state follows a multinomial dis-
tribution formula. With this and Eq. (27), we obtain the
lower bound
FQ[|ψ〉⊗n,
n∑
k=1
H(k)AB] ≥
8
n∑
k1+k2+...+ks=n
⌊
1
2
(
n
k1, k2, . . . , ks
)⌋
(2σk11 σ
k2
2 · · · σkss )2,
(S67)
where H(k)AB denotes the Hamiltonian HAB acting on the
kth copy, bxc is the floor or integer part of x, and the
multinomial coefficients are(
n
k1, k2, . . . , ks
)
=
n!
k1!k2! · · · ks! . (S68)
Using the multinomial theorem for
(∑
k σ
2
k
)n
= 1 and
the relation ⌊
1
2
(
n
k
)⌋
≥
(
n
k
)− 1
2
, (S69)
yield a further lower bound
FQ[|ψ〉⊗n,
∑
k
H(k)AB]
≥ 16
∑
k1+k2+...+ks=n
[(
n
k1, k2, . . . , ks
)
− 1
]
σ2k11 σ
2k2
2 · · · σ2kss
= 16− 16
∑
k1+k2+...+ks=n
σ2k11 σ
2k2
2 · · · σ2kss . (S70)
Now we show that for Schmidt rank s > 1 and in the
limit of large n the last sum tends to zero, hence in case
of many copies n we get FQ[|ψ〉⊗n,
∑
kH(k)AB] → 16. To
8this end we set k1 = n − k in the last sum above to get
the following series of relations:∑
k1+k2+...+ks=n
σ2k11 σ
2k2
2 · · · σ2kss
=
n∑
k=0
( ∑
k2+...+ks=k
σ
2(n−k)
1 σ
2k2
2 · · · σ2kss
)
= σ2n1
n∑
k=0
( ∑
k2+...+ks=k
σ−2k1 σ
2k2
2 · · · σ2kss
)
≤ σ2n1
n∑
k=0
(
σ2
σ1
)2k ∑
k2+...+ks=k
1, (S71)
where the inequality above is due to our assumption σ2 ≥
σk, in the case of k > 2. Let us now observe that this last
upper bound goes to zero in the case of fixed s and n goes
to infinity. This comes from the facts that in that case
σ2n1 goes to zero, and that
∑
k2+...+ks=k
1 is a polynomial
function of s, hence owing to the Cauchy ratio test the
series
n∑
k=0
(
σ2
σ1
)2k ∑
k2+...+ks=k
1 (S72)
converges absolutely. 
